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Abstract 

New upper bounds on the smallest size £2(2,9) of a complete arc in the projective plane 
PG(2, q) are obtained for 853 < q < 4561 and q e T x UT 2 where T x = {173, 181, 193, 229, 
243, 257, 271, 277, 293, 343, 373, 409, 443, 449, 457, 461, 463, 467, 479, 487, 491, 499, 529, 
563, 569, 571, 577, 587, 593, 599, 601, 607, 613, 617, 619, 631, 641, 661, 673, 677, 683, 691, 
709}, T 2 = {4597, 4703, 4723, 4733, 4789, 4799, 4813, 4831, 5003, 5347, 5641, 5843, 6011, 
8192}. From these new bounds it follows that for q < 2593 and q = 2693,2753, the re- 
lation £2(2,9) < 4. 5-^/9 holds. Also, for q < 4561 we have £2(2,9) < 4.75^/q. It is showed 

that for 23 < q < 4561 and q £ T 2 U {2 14 , 2 15 , 2 18 }, the inequality £2(2,9) < v^ln ' 75 9 
is true. Moreover, the results obtained allow us to conjecture that this estimate holds 
for all 9 > 23. The new upper bounds are obtained by finding new small complete arcs 
with the help of a computer search using randomized greedy algorithms. Also new con- 
structions of complete arcs are proposed. These constructions form families of fc-arcs in 
PG{2, q) containing arcs of all sizes k in a region k m % n < k < k max where k m i n is of order 
3 9 or jq while k max has order \q. The completeness of the arcs obtained by the new 
constructions is proved for 9 < 1367 and 2003 < 9 < 2063. There is reason to suppose 
that the arcs are complete for all 9 > 1367. New sizes of complete arcs in PG(2, q) are 
presented for 169 < 9 < 349 and 9 = 1013, 2003. 

Keywords: Projective plane, Complete arcs, Small complete arcs, Spectrum of 
complete arc sizes 



1. Introduction 

Let PG(2,q) be the projective plane over the Galois field F q . An /c-arc is a set of k 
points no three of which are collinear. An /c-arc is called complete if it is not contained 
in an (k + l)-arc of PG(2,q). For an introduction in projective geometries over finite 



fields, see [26l 47, 4' 
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In 271 l22j the close relationship between the theory of fc-arcs, coding theory and 
mathematical statistics is presented. In particular, a complete arc in a plane PG(2,q), 
points of which are treated as 3-dimensional g-ary columns, defines a parity check matrix 
of a q-ary linear code with codimension 3, Hamming distance 4, and covering radius 2. 
Arcs can be interpreted as linear maximum distance separable (MDS) codes [53|. |5 4| and 
they are related to optimal coverings arrays [24| and to superregular matrices [29||. 

One of the main problems in the study of projective planes, which is also of interest 
in coding theory, is finding of the spectrum of possible sizes of complete arcs. 

A great part of this work is devoted to upper bounds on £2(2,(7), the smallest size 
of a complete arc in PG{2,q). Also we propose new constructions of complete arcs in 
PG(2, q) and consider the spectrum of their possible sizes. 

Surveys of results on the sizes of plane complete arcs, methods of their construction 
and comprehension of the relating properties can be found in 0-H 0, 0S0 0- 
I45L 0-[53j]. I n particular, as it is noted in 27, 28 1, the following idea of Segre [48| and 
Lombardo-Radice [36] is fruitful: the points of the arc are chosen, with some exceptions, 
among the points of a conic or a cubic curve. We use this idea for constructions of 
complete arcs and for finding the spectrum of arc sizes, see Sections [21 [5j and[6l 

The maximum size 7712(2, q) of a complete arc in PG(2, q) is well known. It holds that 



m 2 (2,q) 



1 if q odd 

2 if q even 



On the other hand, finding an estimation of the minimum size £2(2, q) is a hard open 
problem. 

Problems connected with small complete plane arcs are considered in 
13, 0-0, 0, HI 0, 0-0, 00, see also the references therein. 
We denote the aggregates of q values: 

Ti = {173, 181, 193, 229, 243, 257, 271, 277, 293, 343, 373, 409, 443, 449, 457, 461, 463, 
467, 479, 487, 491, 499, 529, 563, 569, 571, 577, 587, 593, 599, 601, 607, 613, 617, 
619, 631, 641, 661, 673, 677, 683, 691, 709}; 

T 2 = {4597, 4703, 4723, 4733, 4789, 4799, 4813, 4831, 5003, 5347, 5641, 5843, 6011, 
8192}; 

T 3 = {2 14 ,2 15 ,2 18 }; 

Q = {961,1024,1369,1681,2401}= {31 2 ,2 10 ,37 2 ,41 2 ,7 4 }; 
N = {601,5 4 ,661,3 6 ,29 2 ,31 2 ,2 10 ,37 2 ,41 2 ,7 4 ,2 18 }. 

The exact values of £2(2,9) are known only for q < 32, see (37} and recent work [38[ 
where the equalities £ 2(2, 31) = £2(2, 32) = 14 are proven. Also, there are the following 
lower bounds (see 46l.l47|): 



*2(2,«) > 



2q + 1 for any q 



3q 



for q = p , p prime, h = 1, 2, 3 



Let £2(2, q) be the smallest known size of a complete arc in PG(2,q). For q < 841 
the values of t 2 (2,q) (up to June 2009) are collected in Tab. 1] whence it follows that 
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t 2 (2,q) < 4y/g for q < 841 . In [19j . see also [23|, complete (4^ — 4) -arcs are obtained 
for q = p 2 odd, q < 1681 or q — 2401. In @,ll3| complete (4-y/g — 4)-arcs are obtained 
for even q = 64, 256, 1024. By the results above-cited it holds that 

t 2 {2,q)<A^ for 2<q< 841, q € Q. (1.1) 

For even g = 2 h , 11 < h < 15, the smallest known sizes of complete n -arcs in PG(2, q) 
are obtained in [§|, see also 0, p. 35]. They are as follows: i 2 (2, 2 11 ) = 201, t 2 (2, 2 12 ) = 
307, Z 2 (2,2 13 ) = 461, i 2 (2, 2 14 ) = 665, t 2 (2, 2 15 ) = 993. Also, (6^9 - 6)-arcs in PG{2, q), 
q = 4 2/l+1 , are constructed in [8|; for h < 4 it is proved that they are complete. It gives 
a complete 3066-arc in PG(2, 2 18 ). 

Let t(V g ) be the size of the smallest complete arc in any (not necessarily Galois) 
projective plane V q of order q. In [30(, for sufficiently large q, the following result is 
proved (we give it in the form of [28|, Tab. 2.6]): 

t(V q ) <d^log c q, c< 300, (1.2) 

where c and d are constants independent of q (i.e. universal constants). The logarithm 
basis is not noted as the estimate is asymptotic. 

In this work, by computer search using randomized greedy algorithms (see Section^, 
new small complete arcs in PG{2, q) are obtained for all q € T\ U T 2 and for 853 < q < 
4561. For q = 601,661, the new complete arcs arose from a theoretical study on orbits 
of subgroups, helped by computer [22j. From the sizes of the new arcs, with the use of 
(11.11) and [5j, Tab. 1], [8j, the following theorems result (see also Theorems 13.21 [331 and 
14.11 for more details) . 

Theorem 1.1. In PG(2,q), the following holds. 

t 2 (2,q) < 4.5 for q < 2593, q = 2693, 2753. 
t 2 (2,q) < 4.75^/g for q < 4561. 
t 2 (2,q) < 4.98^ forqeT 2 . 

Theorem 1.2. In PG(2,q), 

t 2 (2, q) < ^q\n - 75 q for 23 < q < 4561, q € T 2 U T 3 . (1.3) 

Moreover, the study of the values of t 2 (2,q) allows us to conjecture that the estimate 
p. 3D holds for all q > 23 and the last estimate of Theorem 1 1.1 1 is right for all q < 8192. 

Conjecture 1.3. In PG(2,q), 

t 2 (2,q) < ^\n°- 75 q forq>23. (1.4) 
t 2 (2,q) < 5^/q for q < 8192. 



Regarding the spectrum of complete arc sizes, we note (going after [28, p. 209]) that 
in literature, complete arcs have constructed with sizes approximately \ q (s ee | 2 j, [5l Il3. 

H, MM, m m, M, H ES S3), b ( see SI M M H3), \ q (see 0, [Hf), 2 g °- 9 

(see [50j where such the arcs are constructed for q > 7 10 ). In particular, for even q > 8 
there is a complete ^ ((? + 4)-arc (2(| . Important results on the spectrum of complete arc 
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,, , ,j i 3) points 
It is proved that for all 
Also, a complete \{q + 7)-arc 



sizes are collected in [28|, Th. 2.6] where it is noted, for example, that in PG(2, q) with q 
square there exists a complete (q— ^fq+ l)-arc. In 32], large complete arcs in PG(2,q n ) 
are defined and new infinite families of the such arcs are constructed. 

Much attention is given to i_[o + 5)-arcs an d ^ (q + 7)-arcs sharing |(g 
with a conic for q odd [2, 0, [H , lUL Rem. 3 
odd q there is a complete \{q + 5)-arc [3_ 
exists at least for the following odd q : 

q < 167 d Tab. 2],[i, Sec. 2, Tab. 2], 16, Tab. 2.4], [34, Introduction]; 
2 (mod 3), q < 4523 

1 (mod 4), q < 337 05 (1-5) 
26t — 1, t odd prime, 6=1,2 [34|, Introduction]; 



25 
9 

2 



< 



3 (mod 4) and condition of [3J, Cor.4.16(i)] holds, see [3J, Introduction] 
1 (mod 16) and condition of 34, Cor. 4.17] holds, see [34| Introduction]. 



For q < 167 the known sizes of complete arcs in PG(2, q) are collected in 0, Tab. 2], 
d, Tab. 2], [H, Tab. 2.4]. 

In this work new Constructions A, B, C of complete arcs are proposed, see Section [5] 
These constructions form families of complete fc-arcs in PG(2, q) containing arcs of all 
sizes k in a region k m i n < k < k max where k m i n is of order |g or \q while k max has 
order ^q. The completeness of the arcs obtained by the new constructions is proved for 
q < 1367 and 2003 < q < 2063. Moreover, there is reason to suppose that the arcs are 
complete for all q > 1367. From Theorems 15.81 |5~T51 15.251 the following theorem results: 

Theorem 1.4. Constructions A,B, and C of Section^ form families of complete k-arcs 
in PG(2, q) containing arcs of all sizes k in the following regions: 



(i) Construction A 



(ii) Construction B 



(hi) Construction C 



<k< 



-, q prime, 



109 < q < 1367, 2003 < q < 2063, q = 73, 97, 101, 103. 



■8 



< k < 



, q ^ 3 (mod 4) is a prime power, 



128 < q < 1367, 2003 < q < 2063, q = 89, 109, 113, 121. 
q + 13 <k< q + 5 



q — 3 (mod 4) is a prime power, 



4 - - 2 
347 < q < 1367, 2003 < q < 2063, 

q = 199, 227, 239, 243, 251, 263, 271, 283, 307, 311, 331. 

For the given q, in order to show that arcs obtained by a construction are complete we 
should calculate by computer some special value, say L q (sec Definitions 15.41 15.141 15.21j) 
and check if L q < R q where R q = [i (g — 1)J for Constructions A, B and R q = ^(q — 3) 
for Construction C. The calculations are relatively simple. Moreover, for q < 1367 and 
2003 < q < 2063 it holds that L q < ^/qlnq and the difference R q — L q has a tendency to 
increasing when q grows, see Theorems 15. 7f iii]).fiv]). IQTT iii'l.fiv). I5.24f iii])fiv'). It allows 
us to conjecture the following, cf. Conjecture 15.261 



Conjecture 1.5. The assertions of Theorem 11.41 hold also for all q > 1367. 
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A /c-arc of Constructions A and B contains k — 2 points in common with a conic 
and two points lying on a tangent to the conic (Construction A) or on a bisecant of the 
conic (Construction B). A fc-arc of Construction C contains k — 3 points in common with 
a conic, two points lying on a bisecant and one point on a tangent. Note that in 
fc-arcs containing k — 2 points of a hyperoval (the nucleus among them) and two points 
on its bisecant are constructed. Also, in the space PG(3, q\ fc -cap s with k — 2 points in 
common with a quadric are considered in TBI. ioL l4ll | . In (TBI, l40l |. the cap contains two 



points on a tangent to the quadric while in [41| two points lie on an external line 



The complete arcs of Constructions A, B, C can be used as starting objects for 
inductive constructions of [§] and [3^, see Remark 15.281 In that way, using results of [9] 
together with Constructions A, B, C, one can generate infinite sets of families of complete 
caps in projective spaces PG(v,2 n ) of growing dimensions v. Also, infinite families of 
large complete arcs in PG(2, q n ) with growing n can be obtained by constructions of 32 1 
using arcs of Constructions A, B, C. 

In this work, using Constructions A, B, C and randomized greedy algorithms, new 
complete arcs in PG(2, q) are obtained for 169 < q < 349 and q — 1013, 2003. 

In Section [2] we describe the greedy algorithms used for obtaining new arcs. In 
Section [3] we collect the known and new upper bounds on £2(2, q) for q < 4561 and 
q £ T2 U T3. The bounds are represented by tables, where values of £2(2, q) are written, 
and by the corresponding relations. In Section 2] we give the upper bounds on £2(2, q) in 
the form of (| 1 . 3[) and substantiate Conjecture 11.31 In Section[5]new Constructions A, B, 
C of complete arcs are described. Finally, in Section [5] we present new sizes of complete 
arcs in PG(2, q) with 169 < q < 349 and q = 1013, 2003. 

Some of the results of this work were briefly presented without proofs in [||, see 
also 0. 



2. An approach to computer search 

In this paper for computer search we use the randomized greedy algorithms 0, 
Sec. 2], [111 Sec. 2] that are convenient for relatively large q and for obtaining examples 
of different sizes of complete arcs. At every step an algorithm minimizes or maximizes 
an objective function / but some steps are executed in a random manner. The number 
of these steps and their ordinal numbers have been taken intuitively. Also, if the same 
extremum of / can be obtained in distinct ways, one way is chosen randomly. 

We begin to construct a complete arc by using a starting set of points So. At the 
i-th step one point is added to the set and we obtain a point set Si- As the value of the 
objective function / we consider the number of points in PG(2, q) that lie on bisecants 
of the set obtained. For small arcs we look for the maximum of the objective function /. 
For the spectrum of arc sizes we use both the maximum and the minimum of /. 

On every of "random" steps we take d q of randomly chosen uncovered points of 
PG(2, q) and compute the objective function / adding each of these d q points to Si. The 
point providing the extremum is included into Si. The value of d q is given intuitively 
depending upon q, upon the number of chosen points (i.e. |Si_i|), and upon the current 
task (small arcs or the spectrum of arc sizes). For example, one can put d q = 1 for 
finding of the spectrum and d q = 100/3 with j3 = 1,2,... for small arcs. 

As Sq we can use a subset of points of an arc obtained in previous stages of the search. 
Also, for finding the spectrum of arc sizes it is fruitful to take as So a part of points of 
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a conic. A generator of random numbers is used for a random choice. To get arcs with 
distinct sizes, starting conditions of the generator are changed for the same set Sq. In 
this way the algorithm works in a convenient limited region of the search space to obtain 
examples improving the size of the arc from which the fixed points have been taken. 

In order to obtain arcs with new sizes one should make sufficiently many attempts 
with the randomized greedy algorithms. For small arcs, the so called predicted sizes 
considered in Section [4] are useful for understanding if a good result have been obtained. 
If the result is not close to the predicted size, the attempts should be continued. 

Note also that arcs with sizes close to £2(2,9) usually are obtained as a byproduct 
when we execute the computer search for the smallest arcs using a few attempts. 

3. Small complete fc-arcs in PG(2,q), q < 4561, q £ T 2 

Throughout the paper, in all tables we denote A q = \ a q ^q — £2(2, q)\ where 

4 if q< 841, qeQ 

4.5 if 853 < q < 2593, q = 2693, 2753, q £ Q . 

5 if 2609 <q< 8192, q £ {2693,2753}. 

Also, in all tables, B q is a superior approximation of ^2(2, q)l-\[q~- 

For q < 841, the values of t 2 {2,q) (up to June 2009) are collected in 0, Tab. 1]. In 
this work we obtained small arcs with new sizes for q € T\. The new arcs are obtained 
by computer search, based on the randomized greedy algorithms. Complete 90-arcs for 
q = 601, 661 came from a theoretical study on orbits of subgroups, helped by computer, 
see 22 1 . These arcs are announced also in (Tel Tab. 1]. A complete 104-arc for q = 709 
is obtained by the greedy algorithm with the starting point set taking from [22|. The 
current values of £2(2, q) for q < 841 are given in Table 1. The data for q 6 T\ improving 
results of 0, Tab. 1] are written in Table 1 in bold font. The exact values £2(2, q) = £2(2, q) 
are marked by the dot "." . In particular, due to the recent result (38| we noted the values 
t 2 (2,31)=i 2 (2,32) = 14. 

From Table 1 and the results of 0, [23| , on complete (i^/q — 4)-arcs for q = p 2 (see 
Introduction) we obtain Theorem 13.11 improving and extending the results of i Th. 1]. 

Theorem 3.1. In PG(2,q), the following holds. 

t 2 (2,q) < for2<q< 841, q&Q. (3.1) 

h(2,q) < for 2 < q < 89, q = 101; 

t 2 (2,q) < 3.5^9 /or2<g< 277; 

t 2 (2,q) < 3.8^/q for 2 < q < 509, q = 521,523,529,601,661. 

Also, 



*a(2,g) 


< 


V9- 


9 


for 


37 < q < 211, 


q 


= 23, 227, 229, 233, 241, 243, 256, 257, 661; 


i 2 (2,g) 


< 




8 


for 


23 < q < 307, 


q 


= 317,343,601,661; 


*2(2,9) 


< 




7 


for 


19 < q < 353, 


q 


= 16,361,373,383,601,661; 


*2(2,g) 


< 


4^/g- 


6 


for 


9 < q < 409, 


q 


= 421, 431, 433, 443, 463, 601, 661; 



Table 1 

The smallest known sizes t 2 = £2(2, q) < A^Jq of complete arcs in planes PG(2, q), q < 841. 
A g =[A y /q-t 2 (2,q)\,B q >h(2,q)/ y /q 



q 


h 


K 


B g 


q 


*2 


A q 


B g 


q 


h 




B q 


q 


h 


\ 


B q 


2 


4. 


1 


2.83 


128 


34 


11 


3.01 


347 


67 


7 


3.60 


599 


94 


3 


3.85 


3 


4. 


2 


2.31 


131 


36 


9 


3.15 


349 


67 


7 


3.59 


601 


90 


8 


3.68 


4 


6. 


2 


3.00 


137 


37 


9 


3.17 


353 


68 


7 


3.62 


607 


95 


3 


3.86 


5 


6. 


2 


2.69 


139 


37 


10 


3.14 


359 


69 


6 


3.65 


613 


96 


3 


3.88 


7 


6. 


4 


2.27 


149 


39 


9 


3.20 


361 


69 


7 


3.64 


617 


96 


3 


3.87 


8 


6. 


5 


2.13 


151 


39 


10 


3.18 


367 


70 


6 


3.66 


619 


96 


3 


3.86 


9 


6. 


6 


2.00 


157 


40 


10 


3.20 


373 


70 


7 


3.63 


625 


96 


4 


3.84 


11 


7. 


6 


2.12 


163 


41 


10 


3.22 


379 


71 


6 


3.65 


631 


97 


3 


3.87 


13 


8. 


6 


2.22 


167 


42 


9 


3.26 


383 


71 


7 


3.63 


641 


98 


3 


3.88 


16 


9. 


7 


2.25 


169 


42 


10 


3.24 


389 


72 


6 


3.66 


643 


99 


2 


3.91 


17 


10. 


6 


2.43 


173 


43 


9 


3.27 


397 


73 


6 


3.67 


647 


99 


2 


3.90 


19 


10. 


7 


2.30 


179 


44 


9 


3.29 


401 


74 


6 


3.70 


653 


100 


2 


3.92 


23 


10. 


9 


2.09 


181 


44 


9 


3.28 


409 


74 


6 


3.66 


659 


100 


2 


3.90 


25 


12. 


8 


2.40 


191 


46 


9 


3.33 


419 


76 


5 


3.72 


661 


90 


12 


3.51 


27 


12. 


8 


2.31 


193 


46 


9 


3.32 


421 


76 


6 


3.71 


673 


101 


2 


3.90 


29 


13. 


8 


2.42 


197 


47 


9 


3.35 


431 


77 


6 


3.71 


677 


102 


2 


3.93 


31 


14. 


8 


2.52 


199 


47 


9 


3.34 


433 


77 


6 


3.71 


683 


102 


2 


3.91 


32 


14. 


8 


2.48 


211 


49 


9 


3.38 


439 


78 


5 


3.73 


691 


103 


2 


3.92 


37 


15 


9 


2.47 


223 


51 


8 


3.42 


443 


78 


6 


3.71 


701 


104 


1 


3.93 


41 


16 


9 


2.50 


227 


51 


9 


3.39 


449 


79 


5 


3.73 


709 


104 


2 


3.91 


43 


16 


10 


2.45 


229 


51 


9 


3.38 


457 


80 


5 


3.75 


719 


106 


1 


3.96 


47 


18 


9 


2.63 


233 


52 


9 


3.41 


461 


80 


5 


3.73 


727 


106 


1 


3.94 


49 


18 


10 


2.58 


239 


53 


8 


3.43 


463 


80 


6 


3.72 


729 


104 


4 


3.86 


53 


18 


11 


2.48 


241 


53 


9 


3.42 


467 


81 


5 


3.75 


733 


107 


1 


3.96 


59 


20 


10 


2.61 


243 


53 


9 


3.40 


479 


82 


5 


3.75 


739 


107 


1 


3.94 


61 


20 


11 


2.57 


251 


55 


8 


3.48 


487 


83 


5 


3.77 


743 


108 


1 


3.97 


64 


22 


10 


2.75 


256 


55 


9 


3.44 


491 


83 


5 


3.75 


751 


108 


1 


3.95 


67 


23 


9 


2.81 


257 


55 


9 


3.44 


499 


84 


5 


3.77 


757 


109 


1 


3.97 


71 


22 


11 


2.62 


263 


56 


8 


3.46 


503 


85 


4 


3.79 


761 


109 


1 


3.96 


73 


24 


10 


2.81 


269 


57 


8 


3.48 


509 


85 


5 


3.77 


769 


110 





3.97 


79 


26 


9 


2.93 


271 


57 


8 


3.47 


512 


86 


4 


3.81 


773 


111 





4.00 


81 


26 


10 


2.89 


277 


58 


8 


3.49 


521 


86 


5 


3.77 


787 


112 





4.00 


83 


27 


9 


2.97 


281 


59 


8 


3.52 


523 


86 


5 


3.77 


797 


112 





3.97 


89 


28 


9 


2.97 


283 


59 


8 


3.51 


529 


87 


5 


3.79 


809 


113 





3.98 


97 


30 


9 


3.05 


289 


60 


8 


3.53 


541 


89 


4 


3.83 


811 


113 





3.97 


101 


30 


10 


2.99 


293 


60 


8 


3.51 


547 


89 


4 


3.81 


821 


114 





3.98 


103 


31 


9 


3.06 


307 


62 


8 


3.54 


557 


90 


4 


3.82 


823 


114 





3.98 


107 


32 


9 


3.10 
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t 2 (2,q) < 4^/9-5 for 8 < q < 499, q = 509, 521, 523, 529, 601, 661; 

*2(2,g) < 4v?-4 for 7 < q < 557, q = 569, 577, 601, 625, 661, 729, 841, q € Q; 

t 2 (2,q) < 4v?-3 for 7 < q < 641, q = 661, 729, 841, q e Q; 

£ 2 (2,g) < 4^-2 /or 3 < g < 691, g = 709, 729, 841, q G Q; 

t 2 {2,q) < for 2 < q < 761, q = 841, q G Q. 

In Table 2, the current values of £2(2,5) for 853 < q < 2593 are given. The data for 
q = p 2 with i 2 (2, g) = 4^g - 4 0, Q are written in bold font. 
From Table 2, we obtain Theorem 13.21 

Theorem 3.2. In PG(2,q), the following holds. 

t 2 (2,q) < 4.5^/q for q < 2593, q = 2693, 2753. (3.2) 

t 2 (2,q) < i.l^q for q < 1013, q= 1021,1024,1039,1369,1681,2401; 

t 2 (2,q) < A.2^/q for q < 1283, q = 1297, 1303, 1369, 1681, 2401; 

t 2 (2,q) < 4.3^/q for q < 1583, q = 1601, 1607, 1609, 1619, 1621, 1657, 1681, 2401; 

t 2 {2,q) < AA^/q~ for q< 1999, q = 2011, 2017, 2027, 2029, 2048, 2069, 2087, 2401. 

Also, 

- 12 for q < 1103, q = 1117, 1129, 1369, 1681,2401; 

- 11 for q < 1193, q = 1213, 1223, 1229, 1237, 1249, 1283, 1297, 1303, 
1369,1681,2401; 

- 10 for q < 1369, q = 1381, 1681, 2401; 

- 9 forq< 1453, q = 1471, 1481, 1483, 1487, 1499, 1531, 1543, 1681, 
2401; 

- 8 forq< 1583, q = 1601, 1607, 1609, 1619, 1621, 1637, 1657, 1681, 
1709,2401; 

- 7 forq< 1709, q = 1733, 1747, 1783, 1787, 1811, 2401; 
-6 forq < 1861, q= 1879,2401; 
-5 forq< 1949, q = 1979, 1997, 1999, 2017, 2401; 

- 4 forq< 2048, q = 2063, 2069, 2081, 2083, 2087, 2099, 2137, 2161, 
2401; 

- 3 forq< 2187, q = 2203, 2207, 2209, 2221, 2243, 2267, 2377, 2401; 

- 2 forq< 2273, q = 2287, 2293, 2297, 2309, 2311, 2333, 2347, 2351, 
2371,2377,2381,2393,2401; 

- 1 forq< 2401, q = 2417, 2423, 2437, 2441, 2447, 2459, 2549. 

In Table 3, the current values of t 2 {2 : q) for 2609 < q < 4561 are given. The data 
with £2(2, q) < 4.5y / g are written in bold font. 

Values of £2(2, q) for relatively great q € T 2 U T3 are given in Table 4. The notation 
D q (j) is explained in the next section. 
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Table 2 

The smallest known sizes to = £2(2, q) < A.5^/q of complete arcs in planes PG(2, q), 
853 < q < 2593, A q = [a q ^q - t 2 (2, g)J , B q > t 2 (2, g)/^ 
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Table 2 (continue) 

The smallest known sizes t 2 = £2(2, q) < 4.5^/g of complete arcs in planes PG(2, q), 
85o<q<2593,A q ^[a q ^q-t 2 (2,q)\,B q >t 2 (2,q)/^q 
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In Table 2 for q £ Q, we use the results of® [ill. [23] . see also @, p. 35]. In Table 4, for 
<7 £ T 3 we use the results of [a see also [j| p. 35] and Introduction. The rest of sizes 
k for small complete fc-arcs in Tables 2, 3 and 4 is obtained in this work by computer 
search with the help of the randomized greedy algorithms. 

Note that a complete 199-arc in PG(2, 2048) of Table 2, a complete 301-arc in 
PG(2,4096) of Table 3, and a complete 450-arc in PG(2,8192) of Table 4 improve the 



t 2 (2,q) < 4.6^ forq < 3209, = 3221, 3229, 3251, 3253, 3271, 3299, 3301, 3323, 

3343, 3347; 

t 2 (2,q) < A.7y/q for q < 4093, q = 4099, 4111, 4129, 4133, 4139, 4153, 4157, 4159, 



t 2 {2, q) < 5^/q - 22 for q < 3391, q = 3413, 3433, 3457, 3461, 3463, 3467, 3469, 3481, 

3491, 3499, 3511, 3517, 3529, 3533, 3539, 3559, 
10 




From Tables 3 and 4, we obtain Theorem 13.31 
Theorem 3.3. In PG(2,q), the following holds. 
t 2 (2,q) < 4.75^9 for q< 4561. 



(3.3) 



4177, 4217, 4219, 4229, 4241, 4243, 4253, 4271 
4273,4297,4363. 



Also, 



Table 3 

The smallest known sizes t 2 = £2(2, q) < 4. 75^ of complete arcs in planes PG(2, q), 
2609 < q < 4561, A q = [a q ^q - t 2 (2, q)\ , B q > t 2 (2, q)/Jq 
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4.62 


3793 


287 


20 


4.67 


4283 


308 


19 


4.71 


2801 


240 


24 


4.54 


3323 


265 


23 


4.60 


3797 


287 


21 


4.66 


4289 


308 


19 


4.71 


2803 


240 


24 


4.54 


3329 


266 


22 


4.62 


3803 


287 


21 


4.66 


4297 


308 


19 


4.70 


2809 


241 


24 


4.55 


3331 


266 


22 


4.61 


3821 


288 


21 


4.66 


4327 


310 


18 


4.72 


2819 


241 


24 


4.54 


3343 


265 


24 


4.59 


3823 


289 


20 


4.68 


4337 


311 


18 


4.73 


2833 


242 


24 


4.55 


3347 


266 


23 


4.60 


3833 


289 


20 


4.67 


4339 


311 


18 


4.73 


2837 


242 


24 


4.55 


3359 


267 


22 


4.61 


3847 


290 


20 


4.68 


4349 


311 


18 


4.72 


2843 


242 


24 


4.54 


3361 


267 


22 


4.61 


3851 


290 


20 


4.68 


4357 


311 


19 


4.72 


2851 


243 


23 


4.56 


3371 


268 


22 


4.62 


3853 


289 


21 


4.66 


4363 


310 


20 


4.70 


2857 


243 


24 


4.55 


3373 


268 


22 


4.62 


3863 


290 


20 


4.67 


4373 


312 


18 


4.72 


2861 


243 


24 


4.55 


3389 


268 


23 


4.61 


3877 


291 


20 


4.68 


4391 


313 


18 


4.73 


2879 


244 


24 


4.55 


3391 


269 


22 


4.62 


3881 


291 


20 


4.68 


4397 


313 


18 


4.73 


2887 


243 


25 


4.53 


3407 


270 


21 


4.63 


3889 


291 


20 


4.67 


4409 


314 


18 


4.73 


2897 


245 


24 


4.56 


3413 


269 


23 


4.61 


3907 


292 


20 


4.68 


4421 


314 


18 


4.73 
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Table 3 (continue) 

The smallest known sizes t 2 = t 2 (2, q) < 4.75^ of complete arcs in planes PG(2, q), 
2609 < q < 4561, A q = [a,^ - i 2 (2, q)\ , B q > i 2 (2, gJ/^/g 



9 


<2 


A q 


B q 


q 


h 


\ 


B q 


q 


h 


A q 


B q 


q 


h 


A q 


B q 


2903 


245 


24 


4.55 


3433 


270 


22 


4.61 


3911 


292 


20 


4.67 


4423 


315 


17 


4.74 


2909 


246 


23 


4.57 


3449 


272 


21 


4.64 


3917 


293 


19 


4.69 


4441 


315 


18 


4.73 


2917 


246 


24 


4.56 


3457 


271 


22 


4.61 


3919 


292 


21 


4.67 


4447 


314 


19 


4.71 


2927 


245 


25 


4.53 


3461 


272 


22 


4.63 


3923 


293 


20 


4.68 


4451 


316 


17 


4.74 


2939 


246 


25 


4.54 


3463 


272 


22 


4.63 


3929 


293 


20 


4.68 


4457 


315 


18 


4.72 


2953 


248 


23 


4.57 


3467 


272 


22 


4.62 


3931 


293 


20 


4.68 


4463 


315 


19 


4.72 


2957 


248 


23 


4.57 


3469 


272 


22 


4.62 


3943 


294 


19 


4.69 


4481 


315 


19 


4.71 


2963 


248 


24 


4.56 


3481 


272 


23 


4.62 


3947 


294 


20 


4.68 


4483 


317 


17 


4.74 


2969 


249 


23 


4.57 


3491 


273 


22 


4.63 


3967 


294 


20 


4.67 


4489 


316 


19 


4.72 


2971 


249 


23 


4.57 


3499 


273 


22 


4.62 


3989 


296 


19 


4.69 


4493 


317 


18 


4.73 


2999 


250 


23 


4.57 


3511 


274 


22 


4.63 


4001 


296 


20 


4.68 


4507 


318 


17 


4.74 


3001 


250 


23 


4.57 


3517 


274 


22 


4.63 


4003 


296 


20 


4.68 


4513 


318 


17 


4.74 


3011 


251 


23 


4.58 


3527 


275 


21 


4.64 


4007 


297 


19 


4.70 


4517 


317 


19 


4.72 


3019 


251 


23 


4.57 


3529 


275 


22 


4.63 


4013 


296 


20 


4.68 


4519 


319 


17 


4.75 


3023 


251 


23 


4.57 


3533 


275 


22 


4.63 


4019 


296 


20 


4.67 


4523 


318 


18 


4.73 


3037 


252 


23 


4.58 


3539 


275 


22 


4.63 


4021 


296 


21 


4.67 


4547 


319 


18 


4.74 


3041 


252 


23 


4.57 


3541 


276 


21 


4.64 


4027 


296 


21 


4.67 


4549 


319 


18 


4.73 


3049 


252 


24 


4.57 


3547 


276 


21 


4.64 


4049 


298 


20 


4.69 


4561 


319 


18 


4.73 


3061 


253 


23 


4.58 


3557 


277 


21 


4.65 


4051 


299 


19 


4.70 










3067 


253 


23 


4.57 


3559 


276 


22 


4.63 


4057 


298 


20 


4.68 











3583,3607,3617,3739; 
t 2 (2, q) < 5v? - 21 for q < 3637, q = 3659, 3673, 3677, 3697, 3701, 3721, 3727, 3733, 

3739, 3779, 3797, 3803, 3821, 3853, 3919, 4021, 
4027,4153; 

t 2 (2, q) < 5^/q - 20 for q < 3911, q = 3919, 3923, 3929, 3931, 3947, 3967, 4001, 4003, 

4013, 4019, 4021, 4027, 4049, 4057, 4073, 4099, 
4153, 4159, 4177, 4229, 4253, 4273, 4363; 

t 2 (2,q) < 5y/q- 19 for q < 4297, q = 4357,4363,4447,4463,4481,4489,4517. 



4. Observations of t 2 (2,q) values 

We look for upper estimates of the collection of i 2 (2, q) values from Tables 1-4 in the 
form (|1.2j) . see [3(| and [28|, Tab. 2.6]. For definiteness, we use the natural logarithms. 
Let c be a constant independent of q. We introduce D q (c) and D q (c) as follows: 

t 2 (2,q) = D q {c)^\n c q, 

t 2 (2,q) = D q (c)^\n c q. (4.1) 
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Table 4 

The smallest known sizes t 2 = t 2 (2, q) of complete arcs in planes PG(2, q) with q G T2UT3 
A q =[b^q-t 2 {2 1 q)\,B q >t 2 {2,q)/^q 



q 


h 


A q 


B q 


A,(f) 


1 


h 


A q 


B q 




q 


h 


A q 


5, 


dm 


4597 


321 


18 


4.74 


0.9567 


4813 


330 


16 


4.76 


0.9573 


6011 


377 


10 


4.87 


0.9598 


4703 


325 


17 


4.74 


0.9557 


4831 


329 


18 


4.74 


0.9523 


8192 


450 


2 


4.98 


0.9560 


4723 


326 


17 


4.75 


0.9563 


5003 


338 


15 


4.78 


0.9584 


2 14 


665 




5.20 


0.9449 


4733 


326 


17 


4.74 


0.9551 


5347 


352 


13 


4.82 


0.9599 


2 15 


993 




5.49 


0.9474 


4789 


329 


17 


4.76 


0.9572 


5641 


363 


12 


4.84 


0.9592 


2 18 


3066 




5.99 


0.9020 


4799 


330 


16 


4.77 


0.9590 


5843 


371 


11 


4.86 


0.9604 













Let D aver (c, go) be the average value of D q (c) calculated in the region q < q < 4561 
and q £ T 2 under condition q ^ N. 

From Tables 1-4, we obtain Observation 1. 

Observation 1. Let 173 < q < 4561 or q G T 2 , under condition q ^ N. Then 

(i) When q grows, D q (0.8) has a tendency to decreasing. 

(ii) When q grows, D q (0.5) has a tendency to increasing. 

(iii) When q grows, the values of D q (0.75) oscillate about the average value 
Aw C1 (0.75, 173) = 0.95821 (see Fig. 1). Also, 

0.946 < 15,(0.75) < 0.9647 if 173 < q < 997, 

0.953 < 5,(0.75) < 0.9631 if 1009 < q < 1999, 

0.951 < D q {0.75) < 0.9618 if 2003 < q < 2999, (4.2) 

0.952 < 5,(0.75) < 0.9610 if 3001 < q < 3989, 

0.952 < 5,(0.75) < 0.9605 if 4001 < q. 

Data for relatively big q, collected in Table 4, in large confirm Observation 1. 

By Observation 1 it seems that the values of D q (0.75) and D ? (0.75) are sufficiently 
convenient for estimates of £2(2, q) and ^(2, q). 
From Tables 1-4, we obtain Theorem 14. II 

Theorem 4.1. In PG(2,q), 

t 2 (2,q) < 0.9987Vgln a75 g for 23 < q < 4561, q G T 2 U T 3 . (4.3) 
In Theorem 1 1.2 1 we slightly rounded the estimate (|4.3h . 

The graphs of values of ^ln ' 8 ^, ^fqlvP 75 q, ^(2, q), and ^/q\n a 5 q are shown on 

Fig. 2 where y/qln ' 8 q is the top curve and y^ln ' 5 q is the bottom one. 

One can see on Fig. 2 that always t 2 {2, q) < y/gln ' 75 q and, moreover, when q grows, 

the graphs y^ln ' 75 q and t 2 {2, q) diverge so that positive difference y'gln ' 75 q — t 2 {2, q) 
increases. 
We denote 

t 2 {2, q) = D aver (0.75, 173)Vgln - 75 q, A q - < 2 (2, q) - t 2 (2, q), P q = ^\%. (4.4) 

MA q) 
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0.945 



500 1000 1500 2000 2500 3000 3500 4000 4500 5000 



Figure 1: The values of D 9 (0.75) for 173 < g < 4561, q£N. D aver (0.75, 173) = 0.95821 

One can treat £2(2, q) as a predicted value of £2(2, q). Then A q is the difference between 
the smallest known size £2(2,9) of complete arcs and the predicted value. Finally, P q is 
this difference in percentage terms of the smallest known size. 

Observation 2. Let 173 < q < 4561 or qeT 2l q^ N. Then 



By (|4.5[) and (|4.6p . see also Fig. 3 and 4, the upper bounds of A q and P q are relatively 
small. Moreover, the upper bound of P q decreases when q grows. Therefore the values 
of A g and P q are useful for computer search of small arcs. 

The relations (|4.2[) - (|4.6J) . Theorems 11.21 and 14.11 and Figures 1-4 are the foundation 
for Conjecture 11.31 



q 



- 2.05 < A q < 0.83. 



(4.5) 



1.19% <P q < 0.67% if 131 < q < 997, 

0.53% <P q < 0.51% if 1009 < q < 1999, 

0.70% <P q < 0.38% if 2003 < q < 2999, 

0.57% <P q < 0.29% if 3001 < q < 3989, 

0.64% <P q < 0.23% if 4001 < q. 



(4.6) 
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400 




Q I I I I I I I I I I I 

500 1000 1500 2000 2500 3000 3500 4000 4500 5000 

q 

Figure 2: The values of ^/qln os q (the top curve), y/qln 075 q (the 2-nd curve), £2(2, q) (the 3-rd curve), 
and v^ln 1 (the bottom curve) for 23 < q < 4561 

Remark 4.2. By above, y/qhi 75 q seems a reasonable upper bound on the current 
collection of ^2(2,9) values. It gives some reference points for computer search and 
foundations for Coni ecture 1 1 . 31 on the upper bound for £2(2, q). In principle, the constant 
c = 0.75 can be sightly reduced to move the curve y^hi q near to the curve of £2(2, q), 
see Fig. 2. For example, from Tables 1-4, Theorem 14.31 holds. 

Theorem 4.3. In PG(2,q), 

i a (2, q) < Vgln 0735 q for32<q< 4561, q G T 2 U T 3 . (4.7) 

5. Constructions of families of complete arcs in PG(2, q) 

In the homogenous coordinates of a point (xq, x\, X2) we put xq € {0, 1}, x±, X2 G F q . 
Let F* = F q \{0}. Let £ be a primitive element of F q . Remind that indexes of powers of 
£ are calculated modulo q — 1 . 

Throughout this section we use the conic C of equation x\ = xqx 2 - We denote points 
of C as follows: 

A,-(l,M 2 UeF,; A d = (l,t; d ,e d ), d€{0,l,...,g-2}; ^ = (0,0,1). 
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Figure 3: The values of A q = t 2 (2, q) - t 2 {2, q) for 173 < q < 4561, q g N 



5.1. Arcs with two points on a tangent to a conic 

Through this subsection, q > 19 is an odd prime. Let H be an integer in the region 



< H < 



9-1 



We denote by Vh the following (H + l)-subset of the conic C : 

V H = {Ai:i = 0,l,2,...,H}cC. 
We denote the points of PG(2,q) : 

' 2H + 1 if H = L|(«-1)J 



p = (o,i,o), r H = (o,i,6 H ), b H 



2H if Lf(<Z-l)J <H < |(3-1) 



(5.1) 
(5.2) 

(5.3) 



Let £q be the line of equation xq = 0. It is the tangent to C at Aoo. It holds that 

{p,t h } ce - 

Construction A. Let q be an odd prime. Let H, Vh, P and Tjj be given by (|5.ip - (|5.3p . 

We construct a point (H + 3)-set Kn in the plane PG(2,q) as follows: 

IC H = V H U{P,T h }. 

The following lemma can be proved by elementary calculations. 
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Lemma 5.1. (i) Let i ^ j. A point (0, 1, b) is collinear with points Ai 1 Aj if and only if 

b = i + j. (5.4) 

(ii) Let i ^ j, a, b € F q , b ^ a 2 . Then a point (1, a, b) is collinear with Ai, Aj if and 
only ifb = a(i + j) - ij. 

(iii) Let a £ F q , a ^ i. Then a point (l,a,« 2 ) is collinear with P, A;. 

Theorem 5.2. The (H + 3)-set K-h of Construction A is an arc in PG(2,q). 

PROOF. By (|5.ip . (15.2[) . the sum i + j in (|5.4H is running on {1,2,..., 2H — 1} where 
2H - 1 < q - 2 if - 1)J < H and 2H - 1 < |(g - 1) if H = [}(q - 1)J . So, 
{0, b H } n {1, 2, . . . , 2H - 1} = 0, sec ([531). Therefore P and T H do not lie on bisecants 
of Vh ■ In other side, any point of Vh does not lie on the line PTh as PTh is a tangent 
to C in Aqo. □ 

Theorem 5.3. Let H be given by (|5.1[) . XTien points of UC\Vh He on bisecants 
of K-h- 

Proof. All points of £q are covered as two points P and Th of this line belong to JCh ■ 
Let TZ and S be sets of integers modulo q, i.e. 1ZU S C F q . 

Let 11 = {—H, -(iT — 1), . . . , — 1} = {g-ff,g-( J ff-l),...,9-l}.By Lemma ISTlTi). 
points Aj,A-j,P are collinear. Therefore, a point Aj of C\Vff with j E 7Z lies on the 
bisecant of ICh through P and where — j G {H,H — 1, . . . , 1}, A_j e V#- 
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Let S = {bn — H,bn — (H — 1), . . . , bji — 1, bn}- By Lemma Ejji), a point Aj of 
C\Vh with j E S lies on the bisecant T}jA\ >H -j where — j E {H, H — 1, . . . , 1, 0}, 

Let 6 H = 2/f+l. Then S = {H+l, H + 2, 2H+1}. Also, by (|Q)) . if = [_§(g - 1)J 
whence -ff = g(g — v) where v € {1,2} and v = q (mod 3). Hence, 3if = q — v, 
2H + l = q - H -v + 1 E {q- H,q - H -1}. 

Let & H = 2if. Then 5 = {H, H + 1, . . . , 2H}. Also, by ([Ojl . Jf > [§ (<Z - 1)J whence 
if > i(<7 — w) where d 6 {1, 2} is as above. Therefore 3H > q — v, 2H > q — H — v, 
2H >q- H -D + 16 {q- H,q- H -1}. 

We proved that {H + 1, H + 2, . . . , q — 1} C S U 7?.. Also we showed that the points 
Aj of C\Vh with j E S U 1Z are covered by bisecants of JCh through P (if j E TV) or 
through T H (if j G 5). In the other side, C\V H = {Aj : j = H + l, H+2, . . . , q-ljUiA^} 
where Aoo E £q- So, all points of C\Vh are covered. □ 

Definition 5.4. Let q be an odd prime. Let H be an integer and let 

V 7T = {P}U{A t :i = Q,l,2,...,H}. 

We call critical value of H and denote by H q the smallest value of H such that all points 
of the form (1, a, b), a,b E F q , b ^ a 2 , lie on bisecants of Vjr. 

Theorem 5.5. Let q > 19 be an odd prime. Let H q < \{q— 1) and let 

9-1 



max{_ff 



}<H< q -^l. 

J — — r> 



3 

TTien £/ie arc of Construction A is complete. 

PROOF. We use Theorem HT3] and Definition EH □ 



In this subsection, we put q > 19 as we checked by computer that |(g — 1) < H q if 
q<17. 

Corollary 5.6. Let q > 19 be an odd prime. Let H q < ^(q — 1). Then Construction A 
forms a family of complete k-arcs in PG(2, q) containing arcs of all sizes k in the region 



max{if 



}+3< fc <^. 



If H q < [3(9 ~ 1)J t nen cardinality of this family is equal to [g((? + 5)] and size of the 
smallest complete arc of the family is \_^(q + 8)J . 

By computer search using Lemma 15 . If ii) . (in) we obtained the following theorem. 



Theorem 5.7. Let q > 19 be an odd prime. Let H q be given by Definition 15.41 We 
introduce D q and A q as follows: H q — D q ^/qhi ' 9 q, A q — \_^{q — 1)J — H q . Then the 
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following holds. 

q 



(i) 

(ii) 
(iii) 

(iv) 



< H q < 



if 19 < q < 71 and q = 79, 83, 89, 107. 



H q < 



9-1 



if 109 < q < 1367, 2003 < q < 2063, q = 73, 97, 101, 103. 



H q < 0.98Vgln ' 9 q ifl9<q< 1367, 2003 < q < 2063. 

< A q < 99, 0.74 <D q < 0.98, if 109 < q < 599; 

89 < A, < 198, 0.75 < D q < 0.94, if 601 < q < 1049; 

187 < A g < 288, 0.72 < D q < 0.95, if 1051 < <? < 1367; 

417 < A q < 464, 0.78 < D q < 0.91, if 2003 < g < 2063. 



(5.5) 



For situations I |(g — 1)J < the values of H q are given in Table 5. 
Table 5 



The values H qi G 


q, Jq 


for 


cases 


Hq, 


Gq > 


Life 


~l)\,J q 


>i(?-3) 








q H q 


Gq J q 


q 


Hq 


G q 


J, 


q 


Hq 


G q 


J q 


q H q G q 


J q 


q 


Jq 


19 9 




43 


19 




16 


71 


24 




25 


103 


34 


167 


42 


23 11 




47 


18 




18 


73 




27 




107 36 


30 


179 


62 


27 


12 


49 




18 




79 


29 




27 


125 43 




191 


49 


29 13 




53 


20 


19 




81 




29 




127 


39 


211 


54 


31 14 


14 


59 


23 




24 


83 


29 




29 


131 


38 


223 


60 


32 


15 


61 


22 


22 




89 


32 






139 


38 


343 


86 


37 16 


16 


64 




24 




97 




33 




151 


42 






41 16 


19 


67 


24 




23 


101 




35 




163 


41 







Theorem 5.8. Let q be an odd prime with 109 < q < 1367, 2003 < q < 2063, or 
q = 73, 97, 101, 103. Then Construction A forms a family of complete k-arcs in PG(2, q) 
containing arcs of all sizes k in the region 



<k< 



q + 5 



Proof. We use Corollary 15.61 and Theorem 15. 7f ii). 



□ 



5.2. Arcs with two points on a bisecant of a conic 

Throughout this subsection, q > 32 is a prime power. Let G be an integer in the 
region 

i -)~ 

(5.6) 
(5.7) 



q-1 


<G< 


r?-3i 


3 




2 



We denote by T>q the following (G + l)-subset of the conic C : 

V G = {A d :d = 0,1,2,..., G}CC. 
Clearly, A Q £ V G . Let 

_l = £(g-l)/2 for q odd 



7 e F q , 7 



1 
19 



for q even 



(5.8) 



We denote the points of PG(2,q) 



z = (i, o, 7 n, b g = (i, o, 7 en /? G = 2g. 



(5.9) 



Let l\ be the line of equation x\ — 0. It is the bisecant A^Aq of C We have {Z, Bg} C ^i. 
Using (I5.6I) . (|5.8[) , by elementary calculations we obtained the following lemma. 

Lemma 5.9. (i) Let d ^ t. A point (0, 1, b) is collinear with points Ad, A t if and only if 



(ii) A point (0, 1, b) is collinear with points Ad and (1, 0, jU) if and only if 

6=L_±^. (5.11) 

Corollary 5.10. (i) For all q, the point P — (0, 1,0) does not lie on any bisecant ofT>Q. 

(ii) Let q be even. Then the points P, Z, Ad are collinear if and only if d = 0. Also, 
the points P, Bg, Ad are collinear if and only if d — G. 

(hi) Let q = 1 (mod 4) . Then the points P, Z, Ad are collinear if and only if d G 
{ \(q— 1), !(<Z — !)}• Also, the points P, Bq, Ad are collinear if and only if d € {G+j(q—l), 



(iv) Let q = 3 (mod 4). Then the points P, Z, Ad and P, Bg, Ad are not collinear for 
any d. 

Proof, (i) In (|5.10p . the case 6 = implies £ d + £* = 0. For even q, it is impossible. For 
odd q, we obtain £ d = — £* whence, by (|5.8|) . d = t + (<? — l)/2. By (|5.6p . it is impossible. 

(ii)-(iv) In ([5~TT]) . the case 6 = implies £ 2d + £7 = whence £ 2<i + l = if (1,0, 7?/) = 
Z and £ 2d + ^ G = if (1, 0, 7 L/) = B G . Remind that /3 G = 2G and d < q - 2. 

(ii) Here q is even but g — 1 is odd. For (1,0, 7 f7) = Z, we have £ 2<i = 1 whence d = 0. 
For (1, 0, 7 f7) = S G) it holds that £ 2d = £ & whence 2d = 2G (modg - 1). So, d = G. 

(hi) Here both q-1 and |(g — 1) are even. If (1,0, -yU) = Z then £ 2d = -1 = ^-J" 1 )/ 2 
whence 2d = i(g — 1) (modg — 1). It is possible if d — j(q — 1) or d = j(q — 1). If 
(1,0, jU) = B G then, by 0, £ 2d = = £0c+(<z-i)/2 w h en ce 2d = 2G + (<? - l)/2 

(modg - 1). So, d = G + A(g - 1) or d = G - \(q - 1). 

(iv) Here q — 1 is even whereas |(g — 1) is odd. If (1,0, jU) — Z then £ 2d = — 1 = 
^(?-i)/2 w hence 2d = §(g-l) (modg-1). It is impossible. For (1,0, jU) = B G , it holds 
that £ 2d = = £ 2G +(9-!)/2 that is impossible. □ 

Construction B. Let q be a prime power. Assume that q ^ 3 (mod 4). Let G, X> G , Z, 
and B G be given by (jS^ - flO)) . We construct a point (G + 3)-set W G in PG{2,q) as 
follows: 



6 = e d + e*- 



(5.10) 



G-|(g-l)}. 



W G = V G U{Z,B G }. 



From Lemma T5. II it follows. 



Lemma 5.11. Let d^t. A point (1,0, 7^) is collinear with Ad, A t if and only if 



/3 = d + t. 
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(5.12) 



Theorem 5.12. The (G + 3)-set Wg of Construction B is an arc. 



PROOF. By pTg j) .([5T7 )) . the sum d + t in ([5~T2")l is running on {1, 2, . . . , 2G - 1} where 
2G - 1 < q - 3. So, {0, (3 G } n {1, 2, . . . , 2G - 1} = 0, see (gU). Therefore Z and B G do 
not lie on bisecants of T)q. In other side, any point of T)q does not lie on the line ZBq 
as ZBq is the bisecant of C through Aoo and Aq where {A^, Aq} n 2?g — D 

Theorem 5.13. Lei q be a prime power. Assume that q ^ 3 (mod 4). Let G be 
given by (|5.6[) . TTien a/i points of {P} U^UCn T>q lie on bisecants of the arc Wg 
of Construction B. 

Proof. By (f5TB|) . (f577l) . {Aq, ~A{ q -x)/i} C L>g- So, the point P is covered by Corol- 
lary EJEfii), (Hi). 

All points of l\ are covered as two points Z and Bq of this line belong to Wg- 

Throughout this proof, 1Z and S are sets of integers modulo q— 1. It can be said that 
72. and 5 are sets of indexes of powers of £. 

Let ft = {-G, — (G - 1), . . . , -1} = {g — 1 — G, g — 1 — (G — 1), . . . , g — 2}. By 

Lemma 15.111 points A t , Z are collinear. Therefore, a point of C \ L>g with t E 1Z 
lies on the bisecant of Wg through A_ t and Z where —t E {G, G — 1, . . . , 1}, A-t E T>q. 

LetS = {/3 g -G,/3 g -(G-1),.. 11 /3g-1,/3g}- By Lemma l5~TTl a point X ofC\L> G 
with t £ S lies on the bisecant BaAp G _ t where /3q — t € {G, G — 1, G — 2, . . . , 1, 0}, 
^a-t € 2? G . 

As /3 G = 2G, we have 5 = {G, G + 1, . . . , 2G}. Also, G > — 1)J . If 3|(g- 1) 
then G >\{q- 1) whence 2G > q - G - 1. If 3 | (g - 1) then G > ±(g - 2) whence 
2G>g-G-2. 

We proved that {G + 1, G + 2, . . . , q — 2} C 5 U 1Z. Also we showed that the points 
A t of C \ 2?g w ith t E SU1Z are covered by bisecants of Wg either through Z (if t E 1Z) 
or through Be (if f E S). In the other side, C\T> G = {A t : t = G + 1, G + 2, . . . , q - 
2} U {Aqo, ^o} where {^oo, A)} C l\. So, all points of C s L>g are covered. □ 

Definition 5.14. Let g be a prime power. Let g ^ 3 (mod 4). For integer G, let 

%={Z}U{3 d :rf = 0,l,2,...,G}. 

We call critical value of G and denote by G 9 the smallest value of G such that all points 
(1, a, b) with a E F* ,b E F q , b ^ a 2 , and all points (0, 1, b) with ft 6 F* , lie on bisecants 
of %. 

Theorem 5.15. Lei g > 32 &e a prime power. Lei g ^ 3 (mod 4). If G q < \h(q — 3)] 
and 



max{G g , 



1 



}<G< 



g-3 



3 

then the arc Wg of Construction B is complete. 

Proof. We use Th.eorem l5.13l and Definition Oil □ 
In this subsection, we put q > 32 as we checked by computer that \\{q — 3)] < G q if 

q < 29. 
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Corollary 5.16. Let q ^ 3 (mod 4) be a prime power. If G q < \\{q — 3)] then Con- 
struction B forms a family of complete k-arcs in PG(2, q) containing arcs of all sizes k 
in the region 



max{G 



} + 3 < k < 



q-3 



3 = 



^(q + 3) if q odd 
\ (q + 4) if q even 



If G q < \_^(q — 1)J then size of the smallest complete arc of the family is \_^(q + 8)J . 
By computer search using Lemmas 15. 11 15.91 15.111 we obtained the following theorem. 

Theorem 5.17. Let q ^ 3 (mod 4) be a prime power. Let G q be given by Definition 

15.141 We introduce d q and S q as follows: G q = d q y/qhi ' 95 q, 6 q — \_h(q — 1)J — G q . Then 
the following holds. 



(i) 

(ii) 
(iii) 

(iv) 



<G q < 



if 32 < q < 81 and q = 97, 101, 125. 



G q < 



if 128 < q < 1367, 2003 < q < 2063, q = 89, 109, 113, 121. 



G q < 0.92^/qln 



1 < 5 q < 93, 



q if 32 < q < 1367, 2003 < q < 2063. 

0.66 < d q < 0.89, if 128 < q < 593; 
89 < 8 q < 196, 0.71 < d q < 0.92, if 601 < q < 1049; 

if 1061 < q< 1361; 
i/2003 < q < 2063. 



(5.13) 



183 < Sq < 267, 0.68 < d q < 



401 < S q < 464 



0.70 < d q < 0. 



For situations [i(g — 1)J < G q , the values of G q are given in Table 5. 

Theorem 5.18. Let q ^ 3 (mod 4) be a prime power. Let 128 < q < 1367, 2003 < q < 
2063, or q = 89, 109, 113, 121. Then Construction B forms a family of complete k-arcs 
in PG(2, q) containing arcs of all sizes k in the region 

7:(q + 3) if q odd 
2(9 + 4) if q even 



q + 8 


< k < | 


3 





PROOF. We use Corollary 15.161 and Theorem 15. 17f ii). 

5.3. Arcs with three points outside a conic 

Throughout this subsection, q > 27 is a prime power and also q = 3 (mod 4). 
Let J be an integer in the region 



□ 



<1 



3 T q 
— < J < — 



(5.14) 

Notations T>j, Bj, and f3j are taken from (|5.7p and (I5.9p with substitution G by J. Using 
(|5.14p . it is easy to see that Corollary 15 . lOf i) ■ (iv) ■ Theorem 15.121 and their proofs hold 
for T>j, Bj, and j3j as well as for Vq,Bg, and /?g- 

Construction C. Let q = 3 (mod 4) be a prime power.. Let P, J, 2?j, Z, and Bj be 
given by (jOl) . ([5TT4]) . (|ST7)) . and (|S3)) . We construct a point (J + 4)-set £j in PG(2,q) as 
follows: 

£j - I?./ U {P, Z, Bj}. 
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Theorem 5.19. The (J + 4)-se< £j of Construction C is an arc. 

Proof. The set Vj U {Z, Bj] is an arc due to Theorem I5T21 By Corollary OOf D.fiv). 
the point P does not lie on bisecants of T>j and T>j U {Z, Bj}. Finally, P, Z, Bj are not 
collinear. □ 

Theorem 5.20. Let q = 3 (mod 4) be a prime power. Let J be given by (|5. 14[) . Then 
all points of £\ U C \ T>j lie on bisecants of the arc £j of Construction G. 

Proof. All points of l\ are covered as two points Z and Bj of this line belong to £j. 

Throughout this proof, 1Z, S, and T are sets of integers modulo q — 1. It can be said 
that 1Z, S, and T are sets of indexes of powers of £. We act similarly to the proof of 
Theorem [5T31 

Let ft = {-J,-(J-1), . . ., -1} = {q-l-J,q-l-{J-l), . ..,q-2}. By LemmaEHU 
a point A t of C \ T>j with t £ 1Z lies on the bisecant of £j through A_ t and Z where 

-t e {J, J- ~A- t e Vj. 

Let 5 = {f3j - J, /3j - (J - 1), . . . J3j — l,/3j}. By LemmaEHU a point A t of C \ X>, 7 
with t E S lies on the bisecant BjAp,^ t where (3j — t 6 {J, J — 1, J — 2, . . . , 1, 0}, 

Let T = {\{q - 1), |(g - 1) + 1, . . . , |(g - 1) + J}. By lOl . (Oil . points P, A t , and 
A-t+(q— 1)/2 are collinear. Therefore, a point of C \ 2?j with t £ T lies on the bisecant 

PA t+(9 _ 1)/2 where £+§(<?- 1) € {<?- 1, q- 1 + J} = {0, 1,. . ., J}, A t+( g _ 1)/2 G X>j. 

As (3j = 2J, we have S = { J, J+ 1, . . . , 2J} where 2J > \{q- 1) - 1, sec (pTTH) . Also, 
by (lOl) . i(g - 1) + J > i(3g - 5) while q — 1 — J < \(3q - 5) + 1. 

We proved that { J + 1, J+ 2, . . . , q — 2} C SUlZUT- Also we showed that the points 
A t of C \ 2? j with t E S U 1Z U T are covered by bisecants of £ j either through Z (if 
t £ 1Z) or through £?,/ (if t £ S) or, finally, through P (if i g T). In the other side, 

C nI>j = {A t : t = J + 1, J + 2, . . . ,q - 2} U {Aoo, A } where {A^, A } C £ x . So, all 
points of C \ T>j are covered. □ 

Definition 5.21. Let q = 3 (mod 4) be a prime power. For integer J, let 

Q-={P,Z}U{A d :d = 0,1,2,..., J}. 

We call critical value of J and denote by J q the smallest value of J such that all points 
(1, a, b) with a £ F* ,b £ F q ,b ^ a 2 , and all points (0, 1, 6) with b £ F*, lie on bisecants 

Offiy. 

Theorem 5.22. Lei q > 27 be a prime power. Let g = 3 (mod 4). If J q < |(g — 3) cmd 

max{ J 9 , ^-^} < J < ^y^, 
i/ien the arc £j of Construction C is complete. 

PROOF. We use Theorem [QUI and Definition IQTl □ 

In this subsection, we put q > 27 as we checked by computer that h(q — 3) < J q if 
q < 23. 
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Corollary 5.23. Let q = 3 (mod 4) be a prime power. If J q < \{q — 3) then Construc- 
tion C forms a family of complete k-arcs in PG(2, q) containing arcs of all sizes k in the 
region 

r -= q — 3 , , + 5 

max{ J q , +A<k< 

If Jq < \{°~ 3) then cardinality of this family is equal to \{q— 3) and size of the smallest 
complete arc of the family is j(q + 13). 

By computer search using Lemmas 15. 1[ 15.91 15.111 we obtained the following theorem. 

Theorem 5.24. Let q = 3 (mod 4) be a prime power. Let J q be given by Defini- 
tion 15.211 We introduce r q and 9 q as follows: J q — r q ^/q\Ti ' 95 q, 9 q — j(q — 3) — J q . 
Then it holds that 

^-j^ < J q < # 27 - q - 191 and q = 211 ' 223 ' 343; 

J q < i/347 < q < 1367, 2003 < q < 2063, 

q = 199, 227, 239, 243, 251, 263, 271, 283, 307, 311, 331; 
J q < 0.98Vgln 95 q if 27 < q < 1367, 2003 < q < 2063; (5.15) 

3 < 9 q < 44, 0.67 < r q < 0.86, if 347 < q < 599; 

18<(9g<lll, 0.67 < rg < 0.94, i/607 < q < 991; 

89 < 9 q < 167, 0.67 < r q < 0.84, if 1019 < q < 1367; 

261 < 9g < 294, 0.67 < r q < 0.80, if 2003 < q < 2063. 

For situations j(q — 3) < J q , the values of J q are given in Table 5. 

Theorem 5.25. Let q = 3 (mod 4) be a prime power. Let 347 < q < 1367 or q — 
199,227,239,243,251,263, 271,283,307,311,331. Then Construction C forms a family 
of complete k-arcs in PG(2, q) containing arcs of all sizes k in the region 

i± 13 <fc<i± 5_ 
4 ~ ~ 2 

PROOF. We use Corollary I5~!2"3l and Theorem 1047 10 . □ 

Basing on Theorems 15 . 71 [5TT71 15.241 and taking into account that y/q\n 9 q < ^/qhiq, 
^/qhi ' 95 q < ^/qhiq, we conjecture the following, cf. Conjecture 11.51 

Conjecture 5.26. Let H q , G q , J q be given by Definitions 15.41 15.141 15.21"! Let for H q , q 

be prime while for G q and J q it holds that q is a prime power. Finally, let q ^ 3 ( mod 4) 
for G q and q = 3 (mod 4) for J q . Then the following holds. 

ifq > 128; J q < ^j-^ ifq > 347. 

H q < ^Inq ifq> 19; G q < ^Inq if q > 32; J q < ^Inq if q> 27. (5.16) 



(i) 
(") 

(iii) 

(iv) 



Hq < 



- 1 



ifq > 109; G q < 



9-1 



24 



Remark 5.27. It is interesting to compare the relations (|5.5p . (j5~T3|) . ([5.15|) . (|5.16p with 
Thcorems ll.21l4~Tll4.3l and Coni ecture 1 1 . 31 and to compare also computer results providing 
Theorems 15.71 15.171 15.241 with Tables 1 and 2. One can see that the upper estimates of 
t2(2,q), H q , Gq, and J q have the same structure and the values of ^(2, q), H q , G q , and 
J q have a close order. This seems to be natural as almost all points of PG(2,q) lie on 
bisecants of P-^^ , Zq , and Q , see Definitions 15.41 15.141 and 15.211 

Remark 5.28. The complete arcs of Constructions A, B, C can be used as starting 
objects in inductive constructions. For example, for even q, arcs of Construction B 
can be used in constructions of [9j, Ths 1.1,3.14-3.17,4.6-4.8]. In that way, one can 
generate infinite sets of families of complete caps in projective spaces PG(v, 2™ ) of growing 
dimensions v. For every v, constructions of Q can obtain a complete cap from every 
complete arc of Construction B. Also, it can be shown that in Constructions A, B, C all 
points not on conic are external. So, the arcs of Constructions A and C for q = 3 ( mod 4) 
can be used as starting objects in constructions of [32[ , see [H, Th. 23] . Thereby, infinite 
families of large complete arcs in PG(2,q n ) with growing n can be obtained. 

6. On the spectrum of possible sizes of complete arcs in PG(2, q) 

The main known results on the spectrum of possible sizes of complete arcs in PG(2, q) 
are given in Introduction with the corresponding references. Taking into account the 
results cited in Introduction, we denote 



We suppose that the smallest known sizes ^(2, q) are given in Tables 1-4 of this paper. 

Theorem 6.1. In PG(2,q) with 25 < q < 349, and q = 1013, 2003, there are complete 
k-arcs of all the sizes in the region 



Proof. For 25 < q < 167 the assertion of the theorem follows from [3, Tab. 2] and 
d, Tab. 2]. For 169 < q < 349 and q = 1013,2003, we used Constructions A, B, C of 
Section [5] The sizes not following from the constructions are obtained in this work by 
the randomized greedy algorithms. 

An experience obtained in computer search for the proof of Theorem 16.11 allows us to 
do Conjecture 16.21 Here we took into account sizes that can be got by Constructions A, 
B, C and the remark on sizes close to ?a(2, q) in the end of Section[2] Note also that the 
rest of sizes for all 169 < q < 349 and q — 1013, 2003 was relatively easy obtained by the 
greedy algorithms with point subset of a conic taken as the starting set So- For this we 
used consequently subsets of cardinality approximately 15%, 20%, 25%, 30% of the conic 
cardinality q + 1. 

Conjecture 6.2. Let 353 < q < 4561, q € T2 U T3, be a prime power. Then in PG(2, q) 
there are complete k-arcs of all the sizes in the region £2(2, q) < k < M q . Moreover, 
complete k-arcs with h{2,q) <k<\(q + h) can be obtained either by Constructions A, 
B, C or by the randomized greedy algorithms. 




for even q 

for odd q included to (|1.5I) 

for odd q not included to (jl.5l ) 



*2(2,g) < k < M q . 
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